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LIST OF SYMBOLS 
- the rectangular coordinates, z =  x + i y  see Fig,  1 
- the lower sur face  c a m b e r  of a hydrofoil 
- angle of attack of the hydrofoil 
- uniform flow velocity a t  infinity 
- velocity vector of the flow 
- pressu re ;  P, the pressure  a t  infinity 
- the pressure  in the cavity, a constant 
- the liquid density, a constant 
1 2 
- the cavitation number, = (P p U ) 
- a constant velocity on the cavity boundary 
-t 
- perturbation velocity based on qc : q/qc = (1 + U, V) 
- perturbation velocity based on U : ;/U = (1 + u l ,  v l )  
- the complex velocity, w(z) = u - i v 
- a constant, = 1 - (1 +a)- 1 / 2  
- the rat io  of the cavity length and the chord 
1 2  
- the pressure  coefficient based on p = (p - p U ) 
C'  
- two complex planes 
a - a quantity defined by a =  1.3- 1 
A, B, co, cn - constants and coefficients 
a , € ?  1 , ~  - quantities defined by 8 = [ + 11 'I2, c = [c2- 11 1'2, 
h = 6 ( 6  - 6 )  - 1, 7 =  ( 8 + € )  - 2a 
=L' C~ - the lift and drag  coefficient 
Y - half of the a r c  angle of a c i rcu lar  a r c  profile 
INTRODUCTION 
The lifting problem of fully cavitated hydrofoils has  recently r e  - 
ceived some attention, The nonlinear problem of two-dimensional 
1 fully cavitated hydrofoils has  been t reated by the author,  using a 
generalized f r ee  s t reamline theory. The hydrofoils investigated in 
Ref. 1 were those with s h a r p  leading and trail ing edges which a r e  a s -  
sumed to be the separation points of the cavity s t reamlines.  Except 
fo r  this limitation, the nonlinear theory is applicable to hydrofoils of 
a r b i t r a r y  geometr ic  profile, operating at any cavitation number, and 
for a lmost  all angles of attack as long a s  the cavity wake is fully 
2 developed. By using a n  elegant linear theory, Tulin has t rea ted  the 
problem of a fully cavitated f la t  plate set  a t  a sma l l  angle of a t tack  and 
operated a t  a r b i t r a r y  cavitation number. In the case of hydrofoils of 
a r b i t r a r y  profile operating a t  ze ro  cavitation number,  some in t e res -  
ting simple relationships a r e  given by Tulin for  the connection between 
the lift, d rag  and moment of a supercavitating hydrofoil and the lift, 
moment and the third moment o f  an equivalent a i rfoi l  (unstalled). 
In the present  investigation, Tulinls l inear theory is f i r s t  ex-  
tended to calculate the hydrodynamic lift and drag on a fully cavitated 
hydrofoil of a rb i t r a ry  camber a t  a rb i t r a ry  cavitation number. A 
numerical  example i s  given for  a c i rcu lar  hydrofoil subtending a n  a r c  
angle of 16O, for  which the corresponding nonlinear solution i s  avai l -  
able.' A di rec t  comparison between these two theories  is made ex- 
plicitly for  the flat  plate and the c i rcu lar  a r c  hydrofoil. Some impor-  
tant aspec ts  of the r e su l t s  a r e  discussed subsequently. 
FORMULATION O F  THE LINEARIZED THEORY 
Consider a two-dimensional lifting surface with sha rp  leading 
and trail ing edges, i t s  lower surface has  a s m a l l  a r b i t r a r y  camber  
given by ~ ( x ) ,  and i t s  chord length is unity ( see  Fig. 1). When this  
lifting foil (or  hydrofoil) i s  held a t  a small,  positive attack angle a to 
a s t r eam of liquid which fills a space of infinite extent and has a uniform 
constant velocity U a t  infinity, the resulting flow velocity of the liquid 
will be denoted by If the velocity i s  known, the pressure field p 
for steady motion can be calculated f rom the Bernoulli equation 
where P i s  the pressure  a t  infinity, and p i s  the liquid density taken 
to be constant. When the velocity U i s  sufficiently large so that the 
Bseal pressure on the suction side of the hydrofoil becomes l ess  than 
the vapor pressure pc of the liquid, the liquid boils locally to form 
an integral cavity. The general character  of such cavity flows depends 
on the value of the cavitation number: 
This paper i s  concerned in particular with the hydrofoils fully cavita- 
ted a t  such low cavitation numbers that the trailing cavities extend 
beyond the trailing edge. After the cavity i s  fully devebped, the small  
thickness of the hydrofoil has no effect on the flow and, therefore, only 
the ordinates of the lower surface matter ,  A typical flow configura- 
tion i s  shown in Fig. 1. Inside the cavity, which i s  filled with vapor 
or a Vapor-gas mixture, the pressure i s  a s s u d  to be constant and 
i s  denoted by pc. Consequently the cavity boundary, a f ree  surface, 
-L 
- i s  a surface of constant velocity, on which q . Iq ( - qc, say. By 
using Eqs. (1) and ( 2 ) ,  the value of qc i s  found to be 
Apparently, qc is a characteristic value of the flow velocity near 
the cavity, just a s  U i s  for  the flow a t  infinity. I t  i s  convenient here 
to take qc as the reference velocity; the velociby of the liquid flow 
* 
m a y  ,then be wri t ten a s  
so that  (u, v) r e p r e s e n t s  the nondimensional perturbation velocity due 
to the presence of the hydrofoil and  the cavity wake, Outside the 
cavity, the flow i s  a s sumed  to be incompressible  and i r rota t ional  so 
that (u, v) a r e  governed by the continuity equation 
and the condition of i r r o  tationali ty 
Equations (5) and  (6) imply that the complex velocity w = u - i v m u s t  
be a n  analytic function of the complex variable z = x t  i y where (x, Y) 
a r e  the rectangular  coordinates  in  the flow plane ( see  Fig.  I) ,  o r  
The boundary conditions of this problem can be determined a s  
--C follows. At infinity, q = (u,  0); hence, f r o m  Eqs.  (3)  and.(4), we 
have 
* 
Of course ,  U may be equally suitable for a re fe rence  velocity 
so that T/u = (1 + u l ,  v l ) .  However, since nea r  the cavity the numer i -  
ca l  value of u i s  appreciably l e s s  than that of u for  r > O ,  the use  of 1 
(u, v) gives a m o r e  s t ra ightforward approximation of the boundary con- 
ditions. F u r t h e r m o r e ,  these two reference s y s t e m s  r e su l t  in slightly 
different expressions,  even in the l inear t e r m ,  for  the p re s su re  coeffi-  
cient on the body. Details  a r e  given in  Appendix I. 
This  condition i s  exact. In o rde r  to simplify the boundary conditions on 
the cavity boundary and the wetted lower surface of the hydrofoil, we 
a s s u m e  that both the camber  q ( x )  and the attack angle a a r e  smal l  
quantities of the f i r s t  o rde r .  Squares  and higher powers of these quan- 
t i t ies  will be neglected. Under this condition, the cavity, which s t a r t s  
f r o m  the leading edge A ( see  Fig.  1) and extends beyond the trail ing 
edge B for  smal l  enough cr, should have a long and nar row configura- 
tion. Fur the rmore ,  it is  reasonable to assume that, except for  the 
gravitational effect*, the cavity is approximately aligned in the undis - 
turbed flow direction and thus ends up a t  point C on the x-axis where 
x = & ( > I ) .  Note that C i s  a s  yet  unknown and must  be solved f o r  a s  a 
C -b 
par t  of the problem. On the cavity boundary, lql = qc, o r  
2 2 (1  + u )  + v  = B ; hence to the f i r s t  o r d e r ,  u =  0. Subject to an e r r o r  of 
the o rde r  already neglected, this condition may be applied on the x- 
axis.  Therefore,  
u = O  for  O <  x -  4 ,  y =  O t  ; 
U = O  for  1 -  X - . e ,  Y = o -  . (9) 
On the wetted lower surface of the hydrofoil, the flow must  be tangential 
to the solid surface,  o r ,  with v / ( l  + u) l inearized to v, 
for 
These boundary conditions (8)-(10) a r e  shown in Fig.  2. The fourth 
boundary condition, which i s  the same a s  the Kutta condition in  airfoi l  
theory, i s  that the velocity must  be finite in  the neighborhood of the 
trail ing edge. There  i s  another condition, which may be called the clo- 
s u r e  condition, that the cavity boundary together with the wetted surface 
must  fo rm a closed contour. This  condition may be expressed  mathe- 
matically a s  
The gravitational effect on the fully cavitatihg flow over  a hydro- 
foil i s  discussed by B. R .  Parkin  (Ref. 3).  
where the closed contour I' consists of the cavity boundary and the 
wetted surface, and may, of course, be deformed to any closed con- 
tour within the liquid enclosing the cavity since w(z) is regular  there.  
This closure condition ( 1  1) is analogous to one used in thin a i r fo i l  
theory that, when the airfoi l  is represented by a distribution of singu- 
Iarit ies,  a singularity of the source type must  be excluded. Note, 
however, that unlike the case of the thin airfoil  (or  the pure drag  
case)  for which u (or  v) can be prescribed (namely, zero) on the xd 
axis off the body, the value of u o r  v may not be specified in this 
problem for  x c 0 o r  x 7 I on y = 0, but must be determined f r o m  
the solution. 
With respect  to the cavity pressure pc , the pressure coeffi- 1 2  
cient defined by ( p -  p c ) / ( Z p ~  ) can be expressed in t e rms  of 
velocity by using the linearized version of Eq. (I) ,  
to yield 
Pt can be seen that the linearized condition (10) and the linearized ex- 
pression for  C Eq. (121, break down near  the stagnation point 
p9 
(where u =  - 1, v=O), that is, in the neighborhood of the leading edge 
2 
where x is of the o rde r  of a . 
Pt should be pointed out that the streamline a t  the r e a r  end of 
the cavity, separating the flow f rom a region of constant pressure,  has 
a branch point at C.  Consequently w(z) has a certain singular be- 
havior a t  a;= & . Such a potential problem is well  known (e. g. see  
Ref. 4), and i t  can be shown that this singularity behaves like 
- 1 / 2  
w(z) = K ( z  - 4  ) near  z = 1  , (13) 
where K i s  a constant. A r e m a r k  should be made that, when this prob- 
lem w a s  solved in i t s  original nonlinear form,  an appropriate potential 
model  has to be introduced to give a good approximation of the flow in 
the cavity wake, a s  was  commented upon in  Ref. 1. In the present 
l inearized formulation, however, no model is rea l ly  necessary  to r e p r e -  
sent  the flow in  the cavity wake; only the singular behavior given by Eq. 
(13) is essent ial ,  
Since no boundary condition is prescr ibed on the x-axis  outside 
the section 0 < x -Z C , the determination of w(z) may proceed by apply- 
ing the conformal. transformation 
which maps  the or iginal  plane on to the lower half of the v -  plane ; 
the wetted surface maps  on to 0 z'R+?v sl and the cavity boundary eoa- 
responds to the r e s t  s f  the r e a l  v - a d s .  The point e = co is now a t  
Transformation (14) becomes singular a s  1 + 1 , implying that'the 
present l inear theory is not likely to be much good for  +? too close to 
unity. The range of validity of the linear theory will be investigated 
la te r  when the solution is obtained. 
Next we introduce the Joukowsky transformation 
which maps the wetted surface on to the lower half of the unit c i rcle  
1 = 1, the cavity boundary being s t i l l  on the r e a l  C -axis outside the 
unit circle.  Throughout these mappings the value of w is kept invariant 
a t  a l l  image points so that the boundary conditions in different planes 
a r e  as shown in Fig. 2. 
Thus, in the, v-plane, u=O on Im v = O  for v < O  and 
Rt v -.. 1 . It follows that w(v) can be continued analytically into the 
upper half plane by Schwarzls  principle of reflection: 
w(7) = - E (v) (17) 
so  that u is odd and v is even in  I m  v .  Obviously the same argument  
i 0 holds fo r  w in the X-plane. Therefore ,  on the unit c i rcle  = e , 
we may expand the boundary condition into a cosine s e r i e s  of 8 ; that is, 
drl 




c o = T S d Q ,  c = 2 1 2 c o s  nQ do (n=l ,  2 . .  .) . (18b) n a 
F r o m  Eqs. (14) and ( l6 ) ,  i t  may be verified that x and 8 in  Eq, (18b) 
a r e  related by 
Consequently, condition (1 0) becomes 
00 
In a s t r i c t  sense,  the coefficients co and cn a r e  as yet  unknown since 
8 in Eq. (18c) has  to be determined. 
The general  behavior of w and the type and location of its singu- 
la r i t ies  may be easi ly  ascer tained i n  the 'C -plane. The function w(t:) 
must  satisfy the following conditions: 
(a) w ( q  is regular  everywhere for  lcl El- m ; 
(b) i t  follows f r o m  .Eq. (13) that, except for a proportionality con- 
stant,  w(Z) -- G nea r  E = a, and hence f o r  1 L I  7 1  , w ( ~ )  m a y  be ex- 
panded into a descending power s e r i e s  in  2: beginning with the t e r m  ; 
(c) Re w=O on the r e a l  E-axis fo r  R& and R8 c7l ; 
1 (d) a t  the leading edge, E = -  1, w ( ) (  1 , a well-known 
type of singularity that appears  in thin airfoi l  theory (Ref. 5); 
(e) near the trail ing edge, C = 1 , w i s  continuous and hence 
R w=O a t  g = 1 ;  
( f )  v = - I m w  sa t i s f i e sEq .  ( 1 9 ) o n  I z )  = l .  
Therefore w(K) must  be of the f o r m  
where A, B a r e  r e a l  a rb i t r a ry  constants and c c a r e  given by Eq. 
O' n 
(18). This  expression for  w obviously fulfills the conditions (a)  to (e),  
i Q 
To verify that the condition ( f )  is satisfied, we note that on = e , 
a 8 
w = u - i v  = - - s i n Q - B  tan - -  2 2 i [(c0 - a)  + cn(cos  n Q - i s i n Q d  B 
so that v sat isf ies  Eq. (19). Upon transformation of Eq. (20) back to 
the v-plane, w(v) takes the form: 
whe r e  
Now conditions (8) and (1  1) can be applied to determine the con- 
s tants  A, B, C andhence  co and cn. At z-oo,  o r  v = -  i a  
( see  Eq. 15), 
with 
Also, a t  v = - i a ,  the t e r m  Y- '  in Eq. (2.1) a s s u m e s  the value 
with 
A = F ( 8 - € 1  - 1 , T = ( a + € ) - 2 a  ( 2 3b) 
2 2 1 1 2  I t  can be shown that i t s  modulus 1 x i 1 (  = ( X  ++ ) dec reases  mono- 
tonically and rapidly f r o m  unity a t  a =  0 to z e r o  a t  a =m. (At a = 1 , 
1% ' 1  0.22). Thus,  within the framework of the l inear theory, the 
t e r m s  c 3, c4, . . . in Eqs.  (18) to (21) may be neglected. Substituting 
Eqs. (22) and (23) into (21) and using condition (8), we obtain 
where 
a f = a - c  o - C ~ A + C ~ ( ~ ~ - A ~ ) ,  p l =  p + 7 ( c l + 2 c 2 ~ ) .  ( 2 4 4  
Finally, condition (11) is applied to determine a in t e r m s  of 
known physical quantities a ,  a and q(x). Let  us  consider the 
integral  
I =  6 2 w(z)dz = a ( l t a  d w  d v 2 2 '  ( v  + a  ) 
where 0 b -Z a and w(v) is given by Eq. (2 l ) ,  the l a s t  integral  being 
obtained by integration by parts.  In the lower half of the v-plane 
dw/dv i s  a one-valued function of v , regular everywhere,  and is  of the 
2 
o r d e r  unity as v -r m ; while the t e r m  ( v  + a2)- I  in the integrand has 
a simple pole a t  v = - i a. Hence by applying the theopem of residues,  
we obtain 
Substituting Eqs. (22) and (23) i n b ( 2 6 )  and using relations (24), one can 
verify, af ter  some manipulation, that 
with 
2 2. G = - a ( c 1 + c 2 )  + 8 a ( l + a  ) c 2  [I - (6-t.) + 1, 
Since condition (1 1) r equ i re s  that Irn 1 = 0 
where p is defined in Eq. (8). This  resu l t  obtaihed f rom the closure 
condition determines p , land hence th'e cavitation number t~ , 
parametrically in t e r m s  of a . It then follows that the integral  I is 
purely rea l ,  
Now the l i f t  coefficient CL can be calculated by using Eq. (IZ),  
since Im I = 0. After some simplification, we obtain 
The drag  coefficient i s  g i ~ e n  by the following integral:  
where the i n t e g ~ a t i o n  i s  taken on Im v = 0-  for 0 s R 8  v 5 1 . Thus, on 
the path of integration, we take = 6 exp (-i n/2) ; and con- 
sequently w(v) = u(v) - i v (v) a s sumes  there the following value: 
Substituting Eq. (33) into Eq. (32), we obtain 
1 
dz  
CD = ( a - c 0 + c 1  - c 2 ) C L + 4 ( 1  t r )  / ~ ( v )  [ci-4c2(1-v)] v , d v  , 
where in the f i rs t  t e rm  the use i s  made of Eq. (30). Upon integration by 
2 0 parts  and introduction of the new variable 8 ,  defined by v = cos - 2 ' 
the above integral may be expressed in t e rms  of a linear combination of 
the integrals of the fo rm 
where r . = O , l , Z  ,... and 6, E ,  1, 7 a r e g i v e n b y E q .  (22b)and(23b)*. 
After some manipulation and rearrangement s f  the terms,  one may 
verify that 
Equations (3  1) and (35) together with (28) give the parame tr ic  ex- 
pression for CL and CD in te rms of the parameter a. If a specific 
profile q(x) and i t s  attack angle g a r e  given, the numerical computa- 
tion of CL and CD can be carr ied  out a s  follows. We first assign a 
value (positive) to the parameter a, the relation x =  x(0) given by 
Eq. (18c) i s  then fixed so that the coefficients co and cn can be cal- 
culated f rom Eq. (18b). Next, the cavitation number e of this specific 
flow can be determined from Eq. (28): the calculation of CL and CD 
then becomes straightforward, 
It should be noted that in the present linear theory only a and 
the camber functions co and cn a r e  taken to be small,  while the 
parameter a and hence the cavitation number r a r e  so far  left a rb i -  
t rary.  However, i t  follows from Eq. (28) that for  given a and q(x) 
(and hence c 's), the value of a i s  limited to the range which can be 
n 
expressed implicitly by 
 he evaluation of this integral i s  given in Appendix 11. 
since p 5 1. F o r  practical application, the range of a for the theory 
to hold i s  to be discussed la ter  when the explicit solution i s  computed. 
Though i t  i s  obvious ( a s  was already explained before, following Eq. 
(15))  that the l inear theory breaks down as a-0 (g - t l ) ,  the present  
solution is expected to be valid for a r  1 ( 8  2). F o r  very large 
values of a , the solutian may be expanded into the following form: 
Equation (26) becomes 
(37W 
and 
F r o m  these resu l t s  one may easi ly  deduce the asymptotic value of the 
cavity length for  a >> 1 (or  u << 1) as :  
which is a general  feature of cavity flows a t  sma l l  cavitation numbers  
(e. g . ,  see Ref. 2, p. 2). 
SPECIAL CASES 
The following special  cases  a r e  of pr imary  interest .  
(A) The limiting case  of u = 0 . 
F r o m  Eq. (37)  we see that c r - c  0 a s  a-oo. In this limit, the 
cavity i s  then infinitely long (see  Eq. 40); and Eq. (18c) becomes 
which leads to d i rec t  determination of cO and cn. The corresponding 
limits of CL and CD a r e  
This  resul t ,  f i r s t  obtained by ~ u l i n ~ ,  ag rees  reasonably well  with the 
co r re  s ponding limit  (o -r 0) of the nonlinear solution. ' F o r  example, 
we take the c i rcu lar  arc profile subtending a sma l l  a r c  angle 2 y  , o r  
q(x) = Y X ( ~  - X) for  O r x . z l .  (4 3 
Then 




c,, = Z (at $) i 
and 
This particular resul t  agrees  with the corresponding limit of the non- 
linear solution (see Ref. 1, Eq. 4. 31). 
(B) The f la t  plate hydrofoil a t  a rb i t rary  u . 
F o r  the f lat  plate, t) (x) = 0 ,  and hence co and cn a l l  vanish. 
Then Eq. (28) becomes 
and the value of CL and C,, a r e  now 
When p/o = [ l -(1-+r)-  ' I 2 ]  /a i s  plottedagainst 1b we o b h i n a  
curve a s  shown in Fig. 3. The value of CL given by Eq. (48) i s  
plotted versus a in Fig. 4 for severa l  small  attack angles. This  
linear resul t  of CL and CD a r e  further compared with the nonlinear 
solution of Ref. 1 as shown in Figs. 5 and 6. 
(C) The circular  a r c  hydrofoil a t  a rb i t rary  u . 
Again we take the circular  a r c  profile given by Eq. (43) so that 
where the function x(0) is given by Eq. (18c). In the evaluation of the 
coefficients c 
o 9  '1, and c2, use may be made of the integrals Jn 
given by Eq. (34) to yield 
2 2 
@2 = 4 y  a ( l t a  ) J2 = - 2 y  [ 8 a ~ ( l  +a2) - (tjt C )  \la(1+.2)] . 
Thus in this case,  Eqs. (50), (281, ( 3  1 )  and (35) form the complete 
solution. 
For very small r~ (a >> l ) ,  one may expand the above expressions 
into the form 
Equations (37) -(39) then simplify to 
These asymptotic formulas  give a good approximation to C L  and CD 
for  a-L 2 .  At a = 2 ,  the e r r o r  committed by neglecting the o r d e r  
t e r m s  in the above equations is less  than 3%; while for a < 2 ,  Eqs.  
(3  1) and (35) should be used. The values of CL and CD for Y = 8O 
a r e  plotted against  cr in F igs ,  7 and 8 respectively; their  comparison 
with the nonlinear solution1 is shown in  Figs .  9 and 10. The quan- 
0 tity [ l  - (1 +u)- 1/2]/a for  Y = 8 i s  plotted versus  l b  in Fig.  3 for  
seve ra l  sma l l  angles of attack. 
DISCUSSION AND COMPARISON OF 
THE LINEAR AND NONLINEAR THEORIES 
In the present  l inear theory, the linearization i s ,  s t r ic t ly  
1 
speaking, imposed only on a and cn s, while the parameter  
a ( =  V-), being subject only to the condition ( 3 6 ) ,  is otherwise left 
a rb i t r a ry .  In fact,  a appears  in the solution in  a quite complicated 
way. One important feature,  however, may be seen  f rom Fig. 3. F o r  
given a ,  the cavity length dec reases  monotonically with increasing cr ; 
the effect  of camber  mere ly  produces a longer cavity, fo r  the same a 
and u , than the flat  plate case.  When applied to the flat  plate hydro- 
foil, condition (36) becomes 
Hence 4 = 1 (a = 0) is impossible in  this case  unless a  = 8 .  Likewise 
one &ay find a lower bound a (70) of a far the circular arc hydro- 
m 
foil, Though i n  genera l  the l imit  4 = 1 cannot be reached, ( 4  - 1) may 
2 become very sma l l  (of the o rde r  a  ) under c e r t a i n  circumstances.  The  
smal le r  the quantity ( C  - 1), the poorer the l inear approximation, be- 
cause,  l i terally speaking, a s  4-1 , the transformation (14) becomes 
1/2 
singular and the coefficient A in (24a) tends to infinity like ( 4  - 1)- . 
Due to the res t r ic t ions  of this nature,  the theory is probably not very  
good for  4 -C 2 and is certainly invalid for large angles of attack. 
Within the range of validity (a td 1 and 4 4 2 )  - of the linear 
theory, a direct  comparison (see Figs.  5,6, 9, 10) between the linear and 
nonlinear theories shows that a s  a general trend the linearized solution 
gives larger  values of lift and drag than the nonlinear solution. The dis - 
crepancy between the two solutions fo r  the lift and drag increases  with 
increasing angle of attack. F o r  the f lat  plate, the two solutions agree  
very well for  a =  2O ; but the difference between the two values of CL 
exceeds 177'0 for a >  lo0. With the additional effects of camber the 
difference increases  with increasing camber and LT . F o r  Y = aO, the 
difference in C increases  f rom 14% a t  a = 4O to 30% a t  a = 12O L 6 (see Fig,  9). Some experimental observations have been ca r r i ed  out for 
some medium and large angles of attack, with which the nonlinear solu- 
tion was found to be in good agreement.' This  would imply a poorer a c -  
curacy of the linear theory in predicting experimental resul t s ,  especially 
for  hydrofoils with a rb i t r a ry  camber.  Thus, i t  seems worthwhile to 
c a r r y  out more  experiments a t  smal l  angles of attack so that a more con- 
cre te  conclusion can be drawn. 
As the present two solutions stand, they both indicate that CL in-  
c r e a s e s  continuously with increasing IJ a s  C decreases  f r o m  infinity 
toward unity. On the other hand, 'it is observed experimentally that for  
given a and q(x), there is a cr i t ical  cavitation number, cr such that 
c '  
the cavity length 4 becomes less  than the chord for  o> u c  F o r  further  
increase in o ,  4 decreases  to zero and CL tends to the fully wetted 
(aerodynamic) value. The case of par tially cavitating flow ( C 4 1) over  a 
flat plate has been treated by  costa,^ using a s imi lar  l inear theory. 
There i t  was found that the theory is limited to the values 4 4 0 .  74; 
beyond this range the solution also shows the singular behavior. While 
the nonlinear theory, also, has no way to predict the occurrence of 
4 = 1 , i t s  resul t  near  4 = 1 is apparently better than the linear theories  
since i t s  singular behavior a s  4-1 is not so strong. It thus seems  
that to solve the problem of cavity flow with C nearly equal to the chord, 
more  detailed information and careful analysis a r e  needed to understand 
the physical nature of the flow, especially near the trailing edge. 
- REFERENCES 
Wu, T .  Yao-tsu, "A F r e e  Streamline Theory for Two-dimensional 
Fully Cavitated Hydrofoils", California Institute of Technology, 
Hydrodynamics Laboratory Report No. 21-17, July, 1955. 
Tulin, M. P. , "Supercavitating Flow P a s t  Fo i l s  and Strutsf1,  
paper No. 16, Symposium on Cavitation in  Hydrodynamics, 
September,  1955, National Physical Laboratory, Teddington, 
England. 
Parkin,  B. R . ,  "A Note on the Cavity Flow P a s t  a Hydrofoil i n  a 
Liquid with Gravity", California Institute of Technology, Hydro- 
dynamics Laboratory Report No. 47-9, 1956. 
Biot, M. A.  , "Some Simplified Methods in Airfoil  Theory", 
J .  Aeronautical Sciences, Vol. 9 ,  No. 5, 185-190, 1942. 
Stewart,  H. J., "A Simplified Two-dimensional Theory of Thin 
Airfoils", J. Aeronautical Sciences, Vol. 9, No. 12, 452-456, 
1942. 
Parkin,  B. R . ,  "Experiments on Circular  A r c  and F l a t  Plate 
Hydrofoils in Noncavitating and in F u l l  Cavity Flow", California 
Institute of Technology, Hydrodynamics Laboratory Report No. 
47-6, 1956. 
Acosta, A. J . ,  "A Note on Pa r t i a l  Cavitation of F l a t  Plate Hydro- 
foils", California Institute of Technology, Hydrodynamics 
Laboratory Report No. E- 19.9, October, 1955. 
APPENDIX I 
Comparison of Two Systems of Perturbat ion Velocity 
F i r s t ,  i t  may be pointed out that in seve ra l  respec ts  the l ineariza-  
tion used in the cavitated hydrofoil problem differs slightly f r o m  that 
usually employed in thin a i r fo i l  theory. In the airfoi l  problem there is 
only one charac ter i s t ic  velocity, namely the f r ee  s t r e a m  velocity U , 
so that, when the perturbation velocity is written a s  q = U  (1 + u l ,  vl), 
2 the linearization becomes straightforward by neglecting ul , vf and 
higher o r d e r  t e r m s  in the formulation. In the cavitated hydrofoil case ,  
however, there a r e  two character is t ic  velocities: one i s  U, the other 
is the constant velocity qc on the cavity boundary, given by qc= U V X .  
This  would imply that the use of qc a s  reference for  the perturbation 
velocity such that q =  q (1 + u, v) should provide a more  d i rec t  approxi- 
C 
mation of the flow quantities near  the hydrofoil. Fu r the rmore ,  in thin 
airfoi l  theory the parameters  that a r e  considered smal l  a r e  the at tack 
angle a,  the camber  and thickness function; while in cavitated hydro- 
foil theory the smal l  parameters  a r e  a, the camber  function, and the 
cavitation number cr. In the la t ter  case,  the linearization is applied, 
in  a s t r i c t  sense,  only to a and the camber function, while the range 
of validity of cr should be determined f r o m  the solution. It may turn 
out that these parameters  a r e  not separable  so that a relative o rde r  of 
magnitude may not be given for  them. F o r  example, if we put 4 = 2 
in Eq. (43) ,  then crz 2 a approximately; hence in  the region of 'valiclity 
8 4 Z 9  the quantity cr/a i s  not necessar i ly  small .  Thus,  i t  s e e m s  of 
in te res t  to discuss  these different sys tems of approximation, both of 
which may be employed to formulate the problem of cavitated hydro- 
foil  flows. 
In the following, these two sys tems of perturbation velocity (u, v) 
and (u l ,  vl), based respectively on the reference velocity q and U, C 
a r e  discussed by comparing their  corresponding boundary conditions 
and the resulting pressure  coefficient calculations. 
Reference velocity: 
q c = U  Vl+r 
Definition: 
By comparison of the above definitions and by using the relation between 
q c and U, the two sys tems a r e  related by 
Now we consider their boundary conditions: 
At infinity; = (U, 0), hence 
On the cavity boundary, - qc, hence up  to the l inear te rm,  
On the wetted surface,  which is held at a smal l  attack angle a , 
I 
v -  
- -  - V =  - a ;  
l t u  
The conditions (A. 4) and (A. 5) a r e  consistent with (A. 3). Note, how- 
ever ,  that in (A. 6 )  when u is approximated by u = 0, so  should u l  
C 
be approximated by u in o r d e r  that they ag ree  with (A. 3).  
l c  
In the calculation of the pre'ssure coefficient C a s  defined by 
P' 
Eq. (12) in the text, i f  we neglect the nonlinear t e r m s  in the Bernoulli 
equation ( 1), then we obtain 
hence 
These two expressions a r e  not consistent with (A. 3) and differ f r o m  
each other  by a t e r m  of the o r d e r  of (r u) which is not necessar i ly  
sma l l  when a, 0.1. Fur the rmore ,  according to condition (A. 5) the ex-  
pression C = - (1 + rr)(2u) vanishes, and hence is continuous, a t  the t ra i l -  
P 
ing edge, as i t  should; while C = u - 2ul has  a jump a c r o s s  the t rai l ing 
P 
edge by a quantity equal  to (2 + r - 2 V E )  . The explanation of this 
7 
discrepancy is quite obvious because i n  the neglected t e r m  uL^  there is 1 
a l so  a t e r m  linear in u, as can be seen f r o m  (A. 3). Thus, if the t e r m  1112 is retained, then 
and hence 
which then ag rees ,  up to the l inear t e r m  of u, with C = - (1 tu) (2u)  
P 
according to relation (A. 3). 
In view of these considerations, the reference velocity qc is used 
i n  this report .  When the reference velocity U is used, a s  has  been done 
in previous investigations, an e r r o r  in the l inearization may occur  as  is 
shown for  example in  (A. 8). 
APPENDIX I1 
Evaluation of the In tegra l  
a being r e a l ,  
co s  n 0 
0 , and  n = 0 ,  1, 2, ... 
a t co s4 Z 
. 
F i r  s t ,  this  i n t eg r a l  may be wr i t t en  a s  
cos  n 0  4 1 cos  n 0  d0 = - Rt---=. 
n lr TT dQ , ( co s  Q - b)(cos  0 -6) b - b  ,cos  o - b 
with 
Upon t rans format ion  of the var iable  z = eiO, one obtains 
where  the c lo sed  contour is  ( z 1 = 1 and 
Inside the contour the in tegrand ha s  a s imple  pole a t  a =  E -  I and a 
pole of order n a t  the origin, while the pole z = g  is outside the con- 
tour fo r  a > 0 .  The  r e s idue  a t  z=xwl i s  ( + n ) / ( l - )  and the 
res idue  a t  z = 0 is ( - )  - ) , Hence 
But f r o m  Eqs .  (22) a n d  (23), 
Therefore, 
n 
J = RC 
8 t i - ]  [ H i % ]  
n 3 2 2a 1 ( l t a 2 ) l I 2  
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